Periods of cubic surfaces with the automorphism group of order 54 by Bolbachan, Vasily
ar
X
iv
:2
00
9.
02
76
7v
1 
 [m
ath
.N
T]
  6
 Se
p 2
02
0
PERIODS OF CUBIC SURFACES WITH THE AUTOMORPHISM
GROUP OF ORDER 54
VASILY BOLBACHAN
Abstract. To any cubic surface, one can associate a cubic threefold given by a triple
cover of P3 branched in this cubic surface. D. Allcock, J. Carlson, and D. Toledo
used this construction to define the period map for cubic surfaces. It is interesting to
calculate this map for some specific cubic surfaces. In this paper, we have calculated
it in the case when the cubic surface is given by a triple covering of P2 branched in a
smooth elliptic curve. In this case, the periods can be expressed through periods of the
corresponding elliptic curve.
1. Introduction
Let S be a smooth cubic surface in P3. We can associate to it a cubic threefold
T = T (S) given by the triple cover of P3 branched at S. If the cubic surface S is given
as {(x, y, z, s) ∈ P3|g(x, y, z, s) = 0} then the equation of T is t3 + g(x, y, z, s) = 0. Let
us denote by σ the automorphism of T given by the formula (t, x, y, z, s) 7→ (ωt, x, y, z),
where w = e2pii/3.
The third complex cohomology of T has a Hermitian form h′ given by the following
formula:
(ϕ, ψ) = θ
∫
T
ϕ ∧ ψ.
Here θ = ω−ω2. Since the third cohomology of P3 = T/σ is trivial, we can decompose
H3(T,C) with respect to the eigenvalues of σ: H3(T,C) = H3ω(T,C)⊕H
3
ω2(T,C). It is
easy to see that this decomposition is orthogonal with respect to h′.
We recall that the ring of Eisenstein numbers is defined as the ring generated by 1
and ω over Z. A Hermitian lattice (over E) is a free E-module together with an E-valued
Hermitian form. In [ACT02, 2.3, Lemma 4.1] was constructed a structure of Hermitian
lattice on H3(T,Z) and was proven the following isomorphism of Hermitian spaces:
(H3(T,Z) ⊗E C, h) ≃ (H
3(T,C), h′). The Hermitian lattice H3(T,Z) is isomorphic to
the standard unimodular lattice of signature (4, 1) called Λ. It is a free 5-dimensional
module over E with the following Hermitian form:
(x, y) = −x1y¯1 +
5∑
i=2
xiy¯i.
A subspace of a Hermitian vector space is negative if the restriction of the Hermitian
form on it is negative definite. For a Hermitian lattice of signature (4, 1) let us denote by
D(R) the set of all 1-dimensional negative subspaces and set D = D(Λ). One can prove
that the subspace H2,1ω2 (T,C) ⊂ H
3(T,C) is negative and one-dimensional(See [ACT02,
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Lemma 2.6]). In particular for any smooth cubic surface S, we have the canonical element
λ(S) in the space D(H3(T,Z)).
A framed cubic surface is a pair (S, r) of a smooth cubic surface S and an isomorphism
of Hermitian lattices r : H3(T,Z)→ Λ. By a convention, two isomorphisms differing by
a unity of E gives the same framing. Let us denote by M˜ the set of all framed cubic
surfaces up to isomorphism. It has the natural structure of a smooth complex manifold.
Let us denote by P ′(S, r) ∈ D the image of the element λ(S) under the isomorphism
D(H3(T,Z))→ D. It gives a well defined map P ′ : M→D called the Period map.
For a vector v ∈ Λ, denote by δv ⊂ D the set of points orthogonal to v under the
Hermitian form. Let H =
⋃
N(v)=1
δv and D
′ = D\H. According to the first part of
the Theorem 2.20 from [ACT02], the image of the map P ′ is equal to D′ and the map
P ′ : M˜ → D′ is an isomorphism of complex manifold.
Let us denote by M the moduli space of smooth cubic surfaces. The map P ′ gives a
well defined map P : M→D′/PΓ. According to the second part of Theorem 2.20 from
[ACT02], it is an isomorphism of complex analytic orbifolds. For a point z ∈ D′ denote
by Sz the corresponding cubic surface Sz.
2. Statement of the main result
The description of the groups arising as the automorphism group of a smooth cubic
surface is well known(See [Hos97] and [Dol12]). There are 12 such group, in total. In
this list, there is a unique group of order 54. Let us denote it by G. The group G
can be realised as a subgroup of GL3(E) generated by the permutation matrices and
the diagonal matrix (1, ω, ω2). This group is known as the complex reflection group
G(3, 3, 3).
Let us denote by D3 the following Hermitian lattice:
D3 = {(x1, x2, x3) ∈ E
⊕3|x1 + x2 + x3 = 0 mod θ}.
Let R be a Hermitian lattice. To any vector v ∈ R of norm 2 one can associate the
reflection σv in this vector. The group generated by these reflections is called the Weyl
group of the lattice R and is denoted by W (R). In the next section we will prove that
the group W (D3) is isomorphic to G. In particular, if for some embedding f : D3 → Λ,
the point z ∈ D is orthogonal to any vector of f(D3) than the stabilizer of the point z
in PΓ contains a group isomorphic to G. This motivates the following proposition:
Proposition 2.1. Let z ∈ D. The following conditions are equivalent:
(1) The point z lies in D′ and the stabilizer of this point in PΓ contains a subgroup
isomorphic to G.
(2) There is a primitive embedding f : D3 → Λ such that for any v ∈ f(D3) we have
(z, v)Λ = 0.
As we said above, the map P : M → D′/PΓ is an isomorphism of complex analytic
orbifolds. In particular, the stabilizer of the point z in PΓ is isomorphic to the automor-
phism group of the cubic surface Sz. This mean that this proposition has the following
corollary:
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Corollary 2.1.1. The automorphism group of a smooth cubic surface S has a subgroup
isomorphic to G if and only if the point P(S) lies in the orthogonal complement to the
image of the lattice D3 under some primitive embedding D3 → Λ.
We will prove in the next section that up to the action of the group PΓ there is a unique
primitive embedding D3 → Λ. Let us fix it and denote its image by L. Denote by H the
upper half-plane. Since the lattice D3 ≃ L is positive definite its orthogonal complement
has signature (1, 1). So, the orthogonal complement L⊥D of L in D is isomorphic to H.
For some specific choice of L, the isomorphism j0 : H→ L
⊥
D ⊂ D is given by the formula
j0(τ) = τv1 + v2, where v1 = (−θ, ω
2, ω2, ω2, 0), v2 = (1, 0, 0, 0, 1).
Denote by H′ the complement to the orbits of the points i and ω in H and denote by
D′G the set of point in D
′ whose stabilizer is isomorphic to G. The following theorem
gives the modular description of the moduli space of smooth cubic surfaces with the
automorphism group of order 54:
Theorem 2.2. The map j0 induce a bijection
j¯0 : H
′/PSL2(Z)→ D
′
G/PΓ.
Now we would like to apply this result to get an explicit formula for periods of some
explicit family of cubic surfaces.
For τ ∈ H, denote by Eτ the elliptic curve given by the following equation:
y2z = 4x3 − g2(τ)xz
2 − g3(τ)z
3,
where g2(τ) = 60E4(τ), g3(τ) = 140E6(τ) are multiples of the Eisenstein series. Let us
denote by Xτ the cubic surface given by the equation s
3+Pτ (x, y, z) = 0. Since the space
H is simply connected a framing of cubic surface Xi gives the canonical framing of the
cubic surface Xτ for any τ . So any framing H
3(T (Xi),Z)→ Λ gives a map P
′
q : H→ D
′.
The following result gives an explicit formula for the periods of the cubic surface Xτ .
It provides the solution to the third problem posed in [CT13, Section 6].
Theorem 2.3. For any framing q : H3(T (Λ(Xi)),Z) → Λ, there is an elements g ∈
PΓ such that for any τ ∈ H we have P ′q(τ) = g(q(τ)). In particular P
′(Xτ ) = j0(τ)
mod PΓ.
We remark that Xi and Wω are the only cubic surfaces with the automorphism group
of orders 108 and 648. The value of the period mapping P ′ for the cubic surface Xω was
calculated in [ACT02, Section 11]. So we can consider our result as a generalization of
that calculation.
3. Hermitian lattices
Let us denote by K the field of fractions of E . For a lattice R we will denote by R∗ the
dual lattice consisting of vectors v ∈ R ⊗ Q such that (v, w) = 0 for any w ∈ R. Finite
Hermitian space is a finite(=consisting of a finite set of elements) E-module together
with K/E valued Hermitian form. A homomorphism of two finite Hermitian spaces is a
homomorphism of modules over E preserving the Hermitian form.
It is easy to see that the Hermitian form on an arbitrary Hermitian lattice R gives a
well-defined structure of finite Hermitian space on R∗/R. We will denote it by D(R). A
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subspace W ′ ⊂W is called isotropic, if (w,w′) = 0 for any w,w′ ∈ W ′. As in the case of
Z-valued lattices, there is the correspondence between the set of all over lattices R′ ⊃ R
and the set of all isotropic subspaces W ⊂ D(R).
Denote by U(R) the set of all automorphisms of R over E preserving the Hermitian
form. Let PU(R) = U(R)/µ6 where µ6 is the group of the sixth roots of unity. In the
same way, we can define the group U(W ) for a finite Hermitian space W . A lattice R
is called unimodular if D(R) = 0. For a finite Hermitian space W , define by W (−1) the
same E-module with the Hermitian form defined by (v, w)V (−1) = −(v, w)V . For a vector
v ∈ R of norm 2, define the automorphism σv by the formula:
σv(w) = w − (w, v)v.
Denote by W (R) the group generated by σv where v ranges over all vectors of norm
2. This group is called the Weyl group of R. It is easy to see that this group lies in the
kernel of the natural map U(R) → U(D(R)). In particular, for any lattice embedding
R→ R′ there is a natural map W (R)→ U(R′).
Denote by H a 2-dimensional Hermitian lattice with the following Hermitian form:
(3.1)
(
0 θ
−θ 0
)
.
We set V = D(H). It is easy to see that V ≃ (E/(θ))2 with the following Hermitian
form
(3.2)
(
0 θ/3
−θ/3 0
)
.
The following lemma summarizes the main proprieties of the lattice H :
Lemma 3.1. The following statements are true:
(1) We have U(V ) ≃ SL2(F3).
(2) We have U(H) ≃ SL2(Z) × µ3. The natural map U(H) → U(V ) coincides with
the natural projection SL2(Z)× µ3 → SL2(F3).
(3) Let H ′ be a Hermitian lattice of signature (1, 1) such that D(H ′) ≃ V . Then
H ′ ≃ H.
Proof. The first two statements can be obtained by a direct computation. Let us prove
the third.
Let H ′′ ⊃ H ′ be the lattice corresponding to some isotropic vector of V . It is easy
to see that H ′′ is unimodular. According to [Bea09, the proof of Proposition 2.6.], in a
unimodular lattice of signature (1, n), n ≥ 1 there is an isotropic vector. So the lattice
H ′ also has some isotropic vector. We will denote it by v1. There is a vector v
′
2 ∈ H
′∗
such that (v1, v
′
2) = 1. Since D(H
′) ≃ (E/(θ))2 the vector v2 := θv
′
2 lies in H
′. Let us
denote by Q the lattice generated by v1 and v2. Since |D(Q)| = 9 we conclude that
H ′ = Q. Substituting v2 7→ v2 + cv1, c ∈ E , we can assume that (v2, v2) ∈ {−1, 0, 1}. It
is easy to see that if the norm of the vector v2 were non-zero, the finite Hermitian space
D(H ′) wouldn’t be isomorphic to V . So (v2, v2) = 0 and H
′ ≃ H . 
Let a ∈ E . Denote by D3(a) the following Hermitian lattice
{(v1, v2, v3) ∈ E
⊕3|v1 + v2 + v3 = 0 mod aE}.
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And we set D3 = D3(θ).
The following lemma summarizes the proprieties of the lattice D3:
Lemma 3.2. The following statements are true:
(1) The finite Hermitian space D(D3) is isomorphic to V .
(2) The Weyl group of the lattice D3 is isomorphic to G.
(3) The following sequence is exact:
1→ W (D3)→ U(D3)→ U(D(D3))→ 1.
Proof. (1) The group D(D3) is generated by the following elements:
α = (θ/3, θ/3, θ/3), β = (1, 0, 0).
We have (α, α), (β, β) ∈ E , (α, β) = θ/3. The first statement is proven.
(2) Let us choose a basis in the lattice D3 given by v1 = (1,−1, 0), v2(0, 1,−1), v3 =
(1,−ω, 0). The automorphisms σv1 , σv2 generate a subgroup isomorphic to S3
acting as permutations of the coordinates. The automorphism σv3 is equal to
the composition of some permutation and the diagonal matrix (ω, ω2, 1). So this
three reflections generate a subgroup isomorphic to G. It is easy to see that for
any other vector v ∈ D3, (v, v) = 2 the reflection in this vector lies in this group.
(3) Let us prove that the natural map U(D3)/W (D3) → U(D(D3)) is an embed-
ding. Let as assume that some element g ∈ U(L) lies in this kernel of the map
U(D3) → U(D(D3)). Then the automorphism g can be extended to the unique
automorphism of the whole lattice E⊕3. Since it preserves the sublattice D3, it
can be represented in the form g′(−1)kW l, k, l ∈ Z where g′ ∈ W (D3) and A is
the scalar matrix (1, 1, ω). Let us denote by G′ the subgroup generated by the
diagonal matrices (−1,−1,−1) and (1, 1, ω). It is enough to prove that the map
G′ → U(D(D3)) is an embedding. The images of these matrices under the map
U(D3)→ U(D(D3)) are equal to
a((−1,−1,−1)) =
(
1 0
0 −1
)
, b((1, 1, ω)) =
(
1 0
1 1
)
.
It easy to see that these matrices generate a subgroup isomorphic to Z/6Z. So
the map is injective.
Let us prove that the map is surjective. We have defined by A the diagonal
matrix (1, 1, ω) and set
B = −
θ
3

 ω ω2 1ω2 ω 1
1 1 1

 ,
Explicit calculation shows that these matrices have the following images in the
group U(D(D3)):
a(A) =
(
1 0
1 1
)
, b(B) =
(
0 −1
1 0
)
.
It is well known that these matrices generate the whole group SL2(F3).

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Remark 3.3. It is interesting to note that the group generated by the matrices A and B
from this proof is equal to the stabilizer of the vector (−1, 1, 0) and isomorphic to the
group SL2(F3). So the group U(D3) is isomorphic to the semi-direct productG⋊SL2(F3).
It follows from the proof that the image of the group U(D3) under the natural map
GL3(C) → PGL3(C) is equal to the so-called Hessian group(see [AD09]). It can be
shown that the group U(D3) is a complex reflection group(n.26 in Shephard-Todd’s list
[ST54]).
Proposition 3.4. There is a primitive embedding D3 → Λ. The action of the group
U(Λ) on the set of all such embeddings is transitive.
Proof of Proposition 3.4. Let us denote by Λ′ the direct sum D3⊕H . We have D(Λ
′) ≃
V ⊕2. Since V ≃ V (−1), D(Λ′) ≃ V ⊕ V (−1). Let us denote by Λ′′ the exten-
sion of the lattice Λ′ corresponding to isotropic subspace V ′ = {(v, v)|v ∈ V } ⊂
V ⊕V (−1).(Although V is isomorphic to V ′ as E-module, V ′ is not a Hermitian lattice).
The lattice Λ′′ is unimodular. According to [All00][Theorem 7.1.], any two unimodular
lattice of signature (1, 4) are isomorphic. In particular Λ′′ ≃ Λ and we have constructed
an embedding D3 ⊂ D3 ⊕H → Λ. It is easy to see that this embedding is primitive.
According to Lemmas 3.1 and 3.2 the orthogonal complement of L inside Λ is iso-
morphic to H . The image of the lattice D3 ⊕ H in the lattice Λ is determined by an
isotropic subspaceW ⊂ V ⊕V (−1). So to prove the second statement of the proposition,
it is enough to show that the group U(D3 ⊕H) acts transitively on the set of isotropic
subspaces W ⊂ V ⊕ V (−1) arising from some primitive embedding D3 ⊕H → Λ. Since
this embedding is primitive, it follows that the subspace W does not contain any vectors
of the form (v, 0), (0, v), v 6= 0. It is easy to see that the group U(V × V (−1)) acts
transitively on the set of all maximal isotropic subspaces satisfying this condition. From
the Lemma 3.1 and Lemma 3.2 it follows that the map U(D3 ⊕M) → U(D(D3 ⊕M))
is surjective. So the proposition is proved. 
The proof of Proposition 2.1. Let us prove the following implications
1⇒ 2. As it was stated above, the stabilizer of the point z in the group PΓ is isomor-
phic to the automorphism group of the cubic surface Sz. We can consider the
automorphism group of a cubic surface Sz as a subgroup of the Weyl group of the
root system E6 called W (E6)(see for example [Dol12, Section 9.5]). A conjugacy
class C of W (E6) is called effective if there is a smooth cubic surface S and an
automorphism g acting on it, such that g belongs to C.
According to [Hos97, Proposition 5.2] there are 16 effective conjugacy classes
in total. An automorphism of S ⊂ P3 is called a harmonic homology if it can
be extended to an automorphism of P3 of order 2 which fixes some hyperplane.
According to [Dol12, Section 9.5.1] an automorphism g is a harmonic homology
if and only if it lies in the conjugacy class (4A1) in terminology of Cartier.
According to [Hos97] the group G is generated by three elements lying in he
conjugacy class (4A1). By Lemma 11.4 of [ACT02] they correspond to reflections
in some vectors of norm 2 in Λ. Let us denote them as v1, v2, v3. So the reflections
in these vectors generate a subgroup of the stabilizer of the point z isomorphic
to G.
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Denote by L the lattice generated by these vectors. It is enough to prove that
L ≃ D3. Let gi be the reflection in the vector vi. Since (g1g2)
3 = (g1g3)
3 =
(g2g3)
3 = 1, all scalar products (vi, vj), 1 ≤ 1 < j ≤ 3 are units in E . Multiplying
them by the sixth roots of unity and rearranging them, we can assume that
(v1, v2) = 1, (v2, v3) = 1, (v1, v3) = a, (vi, vi) = 2, 1 ≤ i ≤ 3, a ∈ {1,−1, w,−w}.
There are four cases:
(1) Let a = −ω. In this case L ≃ D3 and the statement is proven.
(2) Let a = ω. In this case vector v3 − v2 + v1 has norm 1. This mean that the
point z lies in the orthogonal complement to some vector of norm 1 and so
z /∈ D′.
(3) Let a = −1. In this case vector v3 − v2 + v1 has norm 0. So this vector is
equal to zero and the lattice L is generated by the vectors v1 and v2. In this
case it is easy to see that the group W (L) is isomorphic to S3.
(4) Let a = 1. In this case the lattice L isomorphic to the latticeD3(a). It is easy
to see that in this case we have W (L) ≃ S3⋊ (Z/2Z)
3 and so |W (L)| < |G|.
1⇐ 2. Since the group W (D3) is generated by reflections, the stabilizer of the point
z contains a subgroup isomorphic W (D3) ≃ G. So it is enough to prove that
z ∈ D′. Let us assume that this is not true. Then there is some vector v4 of norm
1 such that the point z lies in the orthogonal complement to the lattice generated
by L and v4. Let us denote this lattice by L
′. Since the lattice L is primitively
embedded in Λ and v4 /∈ L, dimension of the lattice L is equal to 4. Choose the
following basis in the lattice L:v1 = (1,−1, 0), v2 = (0, 1,−1), v3 = (0, 0, θ). Since
the lattice is positive definite the number det((vi, vj)), 1 ≤ i, j ≤ 4 is positive. We
set (vi, v4) = ai, 1 ≤ i ≤ 4. The direct computation shows that this determinant
is equal to
3−Q((a1, a2, a3), (a1, a2, a3))
where Q is Hermitian form with the following matrix:
Q =

 6 3 θ3 6 2θ
−θ −2θ 3

 .
It is easy to see that the form Q is positive definite. Since all elements of this
matrix lie in the ideal θE , for any non-zero (a1, a2, a3) we have Q((ai), (ai)) ≥ 3.
So the determinant is positive if and only if a1 = a2 = a3 = 0. In this case
v4 ∈ L
⊥ ≃ H . But the lattice H does not contain any vectors of norm 1.

The following proposition determines the structure of the normalizer of the group
W (L) inside the group PΓ.
Proposition 3.5. Let us denote the image of the lattice D3 under some primitive em-
bedding D3 → Λ by L and M be its orthogonal complement. The normalizer NΓ(W (L))
is equal to the subgroup of the group U(L) × U(M) consisting of elements having an
extension to Γ. The natural projection U(L) × U(M) → U(L) gives the following exact
sequence:
1→ G→ NΓ(W (L))→ µ3 × SL2(Z)→ 1.
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In particular NPΓ(W (L))/W (L) ≃ PSL2(Z).
Proof. If the element of the group Γ lies in the normalizer NΓ(W (L)), then it preserves
the set of vectors of the lattice L of norm 2. Hence it preserve the lattice L and its
orthogonal complement M . The first statement is proven.
From the proof of Proposition 3.4 it follows that D(L ⊕M) ≃ V (−1) ⊕ V and the
subspace corresponding to the extension L⊕M ⊂M is equal to V ′ = {(v, v)|v ∈ V } ⊂
V (−1)⊕ V . Let us consider two maps
a : U(L)→ U(D(L)), b : U(M)→ D(M).
We have U(D(L)) ≃ U(D(M)) ≃ SL2(F3). It follows that the element (g, h) ∈
U(L)× U(M) has some extension to the group Γ if and only if a(g) = b(h). The kernel
of the map NΓ(W (L)) → U(M) is coincide with the kernel of the map a. According to
Lemma 3.2 this kernel is equal to W (L). The image of the map NΓ(W (L))→ U(M) is
equal to the whole U(M) because the maps a, b are surjective by Lemma 3.1 and Lemma
3.2.
The last statement follows from the fact that the restriction of the map
NPΓ(W (L))→ µ3 × SL2(Z) to the sixth roots of unity is injective. 
4. Modular variety
We fix some primitive D3 → Λ with the image L and the orthogonal complement M .
Denote by X≥W (L) the set of point z ∈ D which is invariant under the groupW (L). Since
any element in X≥W (L) is orthogonal to any vector of L, it is equal to the intersection
M⊗E C∩D. Denote by XW (L) the set of points z ∈ D whose stabilizer is equal toW (L).
We have the inclusion XW (L) ⊂ X≥W (L) and we will prove that XW (L) is an open subset
in X≥W (L).
The map D(H) → C given by the formula (x, y) → x/y identifies D(H) with the
upper half-plane. The group µ3 × SL2(Z) acts on H via the natural homomorphism
µ3 × SL2(Z) → PSL2(Z). It is easy to see that this action correspond to the natural
action of the group µ3 × SL2(Z) = U(H) on D(H).
Since the latticeM is isomorphic to H we can identify X≥W (L) with D(H) ≃ H. Let us
denote by H′ the complement to orbits of the points i and ω under the group PSL2(Z).
We will denote by StabPΓ(z) the stabilizer group of the point z ∈ D in the group PΓ.
Proposition 4.1. Let us identify X≥W (L) with H. For a point z ∈ X≥W (L) we denote
by z′ the corresponding point in H. There are the following three possibilities:
(1) The point z′ is conjugate to the point i. In this case the group StabPΓ(z) has
order 108.
(2) The point z′ is conjugate to the point ω. In this case the group StabPΓ(z) has
order 648.
(3) In the remaining case, the group StabPΓ(z) is isomorphic to G.
In particular under the identification X≥W (L) with H the subset XW (L) is identified with
H′.
Proof. According to the classification from [Hos97] there are three cases:
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(1) |Gz| = 648. According to the classification from [Hos97] and the proof of Theorem
11.9 from [ACT02], this is equivalent to the statement that vector z lies in Λ and
has norm 3. It if and only if the point z′ is conjugate to ω.
(2) |Gz| = 108. In this case the elements lying in the conjugacy class (4A1) generates
a subgroup isomorphic to G. Since this subgroup is normal, the normalizer of
the group W (L) in PΓ is contained in the group NPΓ(W (L)). So the stabilizer
of the point z in NPΓ(W (L)) has 108 elements. According to [Hos97, Section
6.4. (10)] the group StabPΓ(z) is generated by G and a certain element h, h
4 =
1, h2 ∈ G. This means that the point z′ is invariant under some element of the
group PSL2(Z) of order 2. So the point z
′ is conjugate to i.
Let us assume that the point z′ is conjugate to i. Then the point z′ is fixed
under some non-trivial element from the group PSL2(Z) and so the stabilizer of
the point z in PΓ is strictly greater than G. The point z is not proportional to
any element from Λ. As we explained in the previous paragraph, it follows that
|StabPΓ(z)| 6= 648. So because of the classification from [Hos97] the order of the
group StabPΓ(z) is equal to 108.
(3) |Gz| = 54. According to the two previous cases, the point z
′ lies in H′.

We recall that the cubic surface Xτ was defined in the second section. We have the
following statement:
Lemma 4.2. There are the following three possibilities:
(1) If the point τ is conjugate to the point ω then |Aut(Xτ)| = 648.
(2) If the point τ is conjugate to the point i then |Aut(Xτ)| = 108.
(3) In the remaining case Aut(Xτ ) ≃ G.
Proof. Any elliptic curve is isomorphic to an elliptic curve in the so-called Hesse form(see
[AD09, Lemma 1]). So it is isomorphic to the curve E ′λ, where the curve E
′
λ is given
by the equation x3 + y3 + z3 + 6λxyz = 0 in P2. According to the proof of Lemma
1 from [AD09], the j invariant of the curve E ′λ is equal to 4A
3/(4A3 + 27B2) where
A = 12λ(1− λ3), B = 2(1− 20λ3 − 8λ6)). Let us denote by X ′λ a cubic surface given by
the equation s3+x3+y3+z3+6λxyz = 0. According to [Dol12, Theorem 9.5.8] the cubic
surface X ′λ has the automorphism group of order 108 if and only if 1 − 20λ
3 − 8λ6 = 0,
has the automorphism group of order 648 if and only if α = α4 and in the remaining case,
it has the automorphism group of order 54. The statement of the lemma follows. 
Lemma 4.3. The following statements hold
(1) For any x, y ∈ XW (L) if some γ ∈ PΓ satisfying γx = y then γ ∈ NPΓ(W (L)).
(2) If g1, g2 are two different element in PΓ/NPΓ(W (L)) then the two sets
g1XW (L), g2XW (L) do not intersect.
(3) Let us consider a subset D′G =
⋃
g∈PΓ/NPΓ(W (L))
gXW (L) of D with induced topology.
For each g0 ∈ PΓ/NPΓ(W (L)) the subset g0XW (L) is open and closed in D
′
G.
Proof. (1) Let g ∈ W (L). Since gy = y we have
γ−1gγx = γ−1gy = γ−1y = x.
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Since the stabilizer of the point x is equal toW (L) this mean that γ−1gγ ∈ W (L).
Since it is true for any g ∈ W (L) we have γ ∈ NPΓ(W (L)).
(2) If they did intersect there would be points x, y ∈ XW (L) and elements g1, g2 ∈ PΓ
such that g1x = g2y. So x = g
−1
1 g2y. According to the first statement of this
lemma the element g−11 g2 lies in the subgroup NPΓ(W (L)). This means that
g2 = g1w,w ∈ W (L) and so g1W (L) = g2W (L). A contradiction.
(3) Since the set g0X≥W (L) is closed in D, the closure of the set g0XW (L) in D
′
G is
contained in the set g0X≥W (L) ∩ D
′
G = g0XW (L). So the set g0XW (L) is closed in
D′G.
For a vector v ∈ Λ of norm 2 denote by δv the set of points z ∈ D which is
orthogonal to v. Similarly to the proof of the Lemma 5.3 from [Bea09] one can
proof that the family of subsets {δv}(v,v)=2 is locally finite. Since the set gX≥W (L)
is an intersection of a finite number of the sets of the form δv, the family of
subsets {gX≥W (L)}g0 6=g∈PΓ/W (L) is locally finite too. So the set
Y =
⋃
g0 6=g∈PΓ/NPΓ(W (L))
gXW (L)
is closed in D′G. So the complement D
′
G\Y is open. By the previous statement
of the lemma this set is coincide with g0XW (L).

The proof of Theorem 2.2. Denote by L0 the lattice generated by the vectors
w1 = (−1, ω,−1, 0,−1), w2 = (0, 0, 1,−1, 0), w3 = (0, 1,−1, 0, 0).
and by M0 its orthogonal complement.
It is easy to see that this lattice is isomorphic to D3 and primitively embedded in
Λ. For any τ ∈ H the point j0(τ) is orthogonal to L0. So the image of the map j0 is
contained in X≥W (L0). According to Proposition 4.1 the image of the map j0|H′ lies in
the space XW (L0) ⊂ D
′
G.
Since the map j0 : H
′ → D′G can be decomposed as H
′ → XW (L) → D
′
G it is enough to
prove that the following two maps are well defined and bijective:
(1) The map f1 : H
′/PSL2(Z) → XW (L)/NPΓ(W (L0)). If two point τ1, τ2 are equiv-
alent under PSL2(Z), the points j0(τ1), j0(τ2) are equivalent under the group
PU(M0) ≃ PSL2(Z). By Proposition 3.5 this means that the points j0(τ1), j0(τ2)
are equivalent under the group NPΓ(W (L0)), because the map NPΓ(W (L0)) →
U(M0) is surjective. We have proved that the map f1 is well-defined and injec-
tive. By Proposition 4.1 the map H′ → XW (L0) is bijective. So the map f1 is
surjective.
(2) The map f2 : XW (L)/NPΓ(W (L0)) → D
′
G/PΓ. Obviously, this map is well de-
fined. It is injective by the first statement of Lemma 4.3. By Proposition 2.1,
Proposition 3.4 and Proposition 4.1 it is surjective.

Proof of Theorem 3.1. The map P ′q satisfies the following equation P
′
gq(τ) = gP
′
q(τ). In
particular it is enough to prove the statement of the theorem for some specific q. So we
can assume that for some τ ∈ H′ the point P ′q(τ) lies in XW (L0). According to Lemma
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4.2, the map P ′q induces a map P
′
q|H′ : H
′ → D′G. Since H
′/PSL2(Z) ≃ P
1\{0, 1,∞} the
set H′ is linear connected. So, according to the third statement of Lemma 4.3 the image
of H′ under the map P ′q|H′ is contained in the set XW (L). Since X≥W (L) is closed and H
′
is dense in H the image of P ′q is contained in X≥W (L).
Denote the map q−1 ◦ P ′q by f . Let us prove that this map lies in the set PSL2(Z).
If two points τ1, τ2 ∈ H
′ are equivalent, then the cubic surfaces Xτ1 , Xτ2 are isomorphic.
So the points P ′q(τ1),P
′
q(τ1) are equivalent under the group NPΓ(W (L0)). It follows
that the points f(τ1), f(τ2) are equivalent under the group PSL2(Z). So the map f
induces a well-defined map f¯ : H′/PSL2(Z) → H
′/PSL2(Z). Let us identify the space
H′/PSL2(Z) with P
1\{0, 1,∞} using the j-invariant. By the Great Picard Theorem,
any holomorphic map P1\{0, 1,∞} → P1\{0, 1,∞} has a unique holomorphic extension
to a map P1 → P1. Denote it by f˜ . We have f˜(P1\{0, 1,∞}) ⊂ P1\{0, 1,∞}. By
Proposition 4.1 and Lemma 4.2 the map f preserves orbits of points i and ω. It follows
that the map f˜ is identical.
The map j|H′ : H
′ → P1\{0, 1,∞} is a topological covering. It follows that the map
f |H′ lies in PSL2(Z). Therefore the map f also lies in PSL2(Z). It follows that the map
P ′q is given by the formula P
′
q(τ) = g1(q(g2(τ))), for some g1,∈ PΓ, g2 ∈ PSL2(Z). Since
any automorphism of the lattice M0 = L
⊥
0 can be extended to an automorphism of Λ,
the theorem is proved. 
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